We construct a non-perturbative method to investigate the phase structure of the λφ 4 theory at finite temperature. The derivative of the effective potential with respect to the mass square is expressed in terms of the full propagator. Under a certain approximation this expression reduces to the partial differential equation for the effective potential. We numerically solve the partial differential equation and obtain the effective potential non-perturbatively. It is found that the phase transition is of the second order. The critical exponents calculated in this method are consistent with the results obtained in Landau approximation.
Introduction
It is expected that the broken symmetry may be restored at high temperature [1] . The temperature-induced phase transition will be observed in relativistic heavy ion collisions, interior of neutron stars and the early stage of the universe. We may probe new physics through the phase transition at high temperature.
Much interest has been paid especially to the electroweak phase transition at high temperature to understand the baryon number asymmetry of our universe [2] . There are numerous investigations which have dealt with the electroweak phase transition. A variety of methods is used in these investigations, for example, the perturbation theory [3, 4] , lattice simulation [5] , C.J.T. method [6, 7] , ε-expansion [8] , effective three dimensional theory [9] , gap equation method [10] and so on. However it is not clearly understood how the phase transition takes place in the early universe.
Using the perturbation theory the electroweak phase transition seems to be of the first order in the standard model. On the other hand the lattice simulation of SU (2) Higgs model shows that the order of the electroweak phase transition depends on the mass of the Higgs field, m. If the mass of the Higgs at the temperature T = 0 is lighter than 70 GeV, the first order phase transition occurs at the electroweak scale. For m > ∼ 70 GeV no phase transition is realized. The numerical result does not agree with the one obtained by the perturbation theory. It is pointed out in the standard model that the perturbation theory becomes unreliable at the temperature near the electroweak scale [4] .
As is well-known in finite temperature field theories higher order contributions of the loop expansion are enhanced for bose fields by many interactions in the thermal bath [11, 12] . The perturbation theory is broken down at high temperature. In the λφ 4 theory physical quantities are expanded in terms of λT 2 /m 2 and λT /m at finite temperature. The ordinary loop expansion is improved by resumming the daisy diagram which include all the higher order contributions of O λT 2 /m 2 n [3, 4, [13] [14] [15] [16] [17] [18] . However it has not been found how to include the higher order corrections of O ((λT /m) n ). The perturbation theory is broken down for T > ∼ m/λ [4, 16] . Near the critical temperature the ratio m/T is of O(λ) so a non-perturbative analysis is necessary to study the phase transition in λφ 4 theory.
By the way an infrared divergence appears in calculating the pressure and can not be removed in the perturbation theory [19] . In Ref. [20] a new nonperturbative approach was suggested to avoid the infrared divergence which appears in the pressure. They differentiated the generating functional with respect to the mass square and found the finite expression for the pressure in thermal equilibrium.
In the present paper we push forward the investigation in Ref. [20] to the effective potential of the λφ 4 theory at finite temperature. Differentiating of the effective potential with respect to the mass square we express the effective potential by the full propagator. The partial differential equation is constructed for the effective potential under a certain approximation. We are able to evaluate the effective potential beyond the perturbation theory by solving this equation.
In section 2 we introduce the λφ 4 theory at finite temperature and show the exact expression of the derivative of the effective potential, ∂V ∂m 2 . We approximate the exact expression of ∂V ∂m 2 and find the partial differential equation for the effective potential. To solve this equation we give the reasonable initial value condition. In Sec.3 the differential equation for the effective potential is solved numerically. Evaluating the effective potential we obtain the correlation length, field expectation value and specific heat. Critical exponents are found by studying the behaviors of the correlation length, field expectation value and specific heat as T varies. The Sec.4 is devoted for the concluding remarks.
Partial differential equation for the effective potential
High temperature, compared with mass scale m, may spoil the validity of the perturbative expansion with respect to the coupling constant. In such a situation we need a non-perturbative method to investigate the finite temperatureinduced phase transition. For this purpose we construct the partial differential equation for the effective potential of the λφ 4 theory at finite temperature.
Here we consider the λφ 4 theory which is defined by the Lagrangian density
where L ct represents the counter term and J is an external source function. If m 2 is negative, the scalar field φ develops the non-vanishing field expectation value at T = 0. It is expected that this field expectation value is decreased as T is increased and the phase transition takes place at a sufficiently high temperature, T = T c . Properties of this phase transition will be found by studying the effective potential at finite temperature.
Following the standard procedure of dealing with the Matsubara Green function [21] we introduce the temperature in the theory. The generating functional at finite temperature is given by
In the λφ 4 theory the derivative of the effective potential ∂V ∂m 2 is expressed by the full popagator of the scalar field (See Appendix A),
where V tree is the tree part:
the non-perturbative effects are contained in V 1 and V 2 ,
and V ct is the counter term part:
Here Π = Π(p 2 , −p 2 0 ,φ, m 2 , T ) describes the full self-energy part. The third term on the right hand side of Eq.(3), ∂V 2 ∂m 2 , is actually divergent. This divergence is removed by the counter term (7) after the usual renormalization procedure is adopted at T = 0. The counter term which is obtained at T = 0 removes the ultra-violet divergence even at finite T [14, 17, 22] .
In order to investigate the finite temperature-induced phase transition we would like to consider the theory with non-vanishing field expectation value at T = 0 (i. e. m 2 takes a negative value,
, is given by the following relation:
To solve this equation (8) the initial value condition is required. We impose the initial condition by the effective potential calculated in the perturbation theory at M 2 ∼ O(T 2 ) where the loop expansion is valid, (λT /M ∼ λ ≪ 1). After the renormalization in MS scheme at the renormalization scaleμ the one-loop effective potential reads
where V tree , V 1 and V 2 + V ct are given by
Note that we need not resum the daisy diagram which has only a negligible
We start with the effective potential (9) obtained in the perturbation theory and calculate V (−µ 2 ) by
For m 2 ≪ T 2 the contribution from ∂V 1 ∂m 2 is enhanced by the Bose factor. Thus the contribution from V 1 can become the same order of the tree part near the critical temperature.
V 2 + V ct may have only a negligible contribution:
We are able to find out that
is really small at the leading order of the loop expansion. At one loop level with daisy diagram resummation these terms read
The self-energy part satisfies Π ∼ µ 2 near the critical temperature for the second order or the weakly first order phase transition [4] . Contribution in the range of smallφ is interesting to investigate the phase structure. Thus we neglect (14) in the following calculations.
Furthermore, we assume that the self-energy part, Π(p 2 , −p 2 0 ,φ, m 2 , T ) is independent of the momentum p 0 and p. Under this assumption the two-point function is generated by the effective potential V . Thus Π in Eq. (3) is replaced by the second derivative of the effective potential,
Inserting Eq. (16) into Eq.(3) and integrating over p 0 and angle variables we obtain the partial differential equation for the effective potential:
Numerical results
Under our approximation the effective potential is obtained by solving the partial differential equation (17) with the initial value condition V tree + V 1 in Eq. (9) . We perform the calculation numerically and show the phase structure of λφ 4 theory.
analytic continuation
The integral in (17) is well defined in the region where
∂φ 2 is real and positive. Below the critical temperature, T < T c , the effective potential V (φ) is not real for smallφ. We have to find the analytic continuation in order to calculate the effective potential there.
For this purpose we rewrite the differential equation (17) in the region where
∂φ 2 is complex or negative. By changing the variable of integration r to z through
the differential equation (17) is expressed as
where Z is the double valued function which is given by Z = 1
Imaginary part of the effective potential is interpreted as a decay rate of the unstable state [23] . It is natural that we assume such an imaginary part might be negative. Imaginary part of ∂V ∂m 2 should be positive in order that imaginary part of the effective potential might be negative. We have to select the branch
∂ 2 V ∂φ 2 so that imaginary part of ∂V ∂m 2 might be positive. We have calculated the effective potential in this branch and the imaginary part of it is always negative as you will see in the next subsection.
numerical result
Putting the initial value condition V tree + V 1 in Eq.(9) at M 2 = T 2 we numerically solve the Eq.(17) and obtain the effective potential at m 2 = −µ 2 . The numerical calculation is performed by using the explicit differencing method [24] . In this subsection we draw the shape of the effective potential and calculate the critical exponents.
The behavior of the effective potential is illustrated at λ = 1 in Fig.1 (a) . The field expectation value φ c is given by the minimum of the effective potential. It seems smoothly disappears for a sufficiently high temperature, T > T c . Thus the second order phase transition occurs for varying T . Figs.1 (b) , (b') and (c) we draw the behaviors of the effective potential calculated by the perturbation theory at one and two loop level with daisy diagram resummation. At the one loop level an extremely small mass gap appears at the critical temperature as is clearly seen in Fig.1 (b' ). Thus the phase transition is of the first order in the one loop approximation. As is known, this situation is modified by going to the two loop calculation. At the two loop level no mass gap is observed and the second order phase transition takes place as is shown in Fig.1 (c) . It should be noted that the effective potential calculated at two loop level with daisy diagram resummation has similar behavior to the one obtained our method. Starting with the one loop effective potential V tree + V 1 in Eq. (9) in the region where the perturbation theory is valid we can step into the non-perturbative region by solving the partial differential equation (17) . Therefore it is found that the partial differential equation (17) really include some non-perturbative contributions as is expected.
For comparison, in
For T < T c the effective potential develops a non-vanishing imaginary part in a non-convex region of V . We draw this imaginary part in Fig.2 . The sign of the imaginary part is always negative. It is consistent with the discussion in the previous subsection.
Evaluating the effective potential with varying the temperature, T , and the coupling constant, λ, we obtain the critical temperature where the field expectation value disappears for each coupling constants. It makes the phase boundary on T -λ plain as is shown in Fig.3 .
For a second order phase transition critical exponents are defined. Near the critical temperature we expect that the correlation length, ξ, the expectation value, φ c , and the specific heat, C, behave as [25] ξ ∝ |t| −ν , φ c ∝ |t|
where t = (T − T c )/T . Analysing the effective potential more precisely we can calculate the critical exponents ν, β and α. For this purpose we rewrite ξ and C in terms of the effective potential. The correlation length, ξ, is written as where ρ is the curvature of the effective potential at the minimum φ = φ c .
Since the specific heat C is given by the second derivative of the effective potential near the critical temperature T c the effective potential V (φ c ) behaves as
Thus we examine the behavior of ρ, φ c and V (φ c ) below critical temperature and find the critical exponents ν, β and α. In Fig. 4 the critical behavior of ρ, φ c and V (φ c ) is shown as a function of the temperature. We numerically calculate the slope of these figures which corresponds to the critical exponents. The results of our numerical calculation are presented in the table 1. The critical 
exponents in our approximation are independent of the coupling constant λ and agree with the one calculated in the Landau theory. We notice that our results described in the present subsection remain unchanged even when we put the initial mass scale 
Conclusion
We have succeeded to construct a non-perturbative method to investigated the phase structure of λφ 4 theory. The derivative of the effective potential with respect to mass is exactly expressed in terms of the full propagator at finite temperature. Replacing the effective mass square in the propagator with the second derivative of the effective potential with respect to an expectation value of the scalar field we found the partial differential equation non-perturbatively. The effective potential is obtained by solving this differential equation. Imposing the initial condition by the 1 loop effective potential in the region where the perturbation theory is reliable we numerically solve the partial differential equation for the effective potential. These assumption is very interesting because of the possibility of stepping into the region where the perturbation theory cannot be reliable.
Though above assumption is imposed to the full propagator, the phase transition of λφ 4 theory is of the second order. The critical exponents in our approximation agree with the results in the Landau approximation. This is very interesting because there is no other method which can show them at one loop level as long as we know. Thus our approximation may be fairy good.
The main problem of this non-perturbative method is how to improve the approximation imposed to the effective mass in the full propagator. In our approximation the error can not be controllable. We want another method to approximate the full propagator in which we can control the error.
It is hard task to approximate Π reliably but we will continue this work further, for example, the approximation in which can sum up the super-daisy diagrams [28] .
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A Full propagator representation of the effective potential
The derivative of the effective potential, ∂V ∂m 2 , can be represented by the full propagator. In this appendix we present details of calculations of ∂V ∂m 2 given in Eq.(3).
Here we start with the Lagrangian density which is defined by
where the suffix 0 denotes the bare quantities.
To represent the effective potential by the function of renormalized quantities we adopt the mass-independent renormalization procedure. The renormalization constants Z and renoemalized quantities are introduced through transformations
Using these renormalization constants and renoemalized quantities we separate the Lagrangian density (A.1) into the tree part L 1 and the counter term part L ct as [25, 27] 
where
Here we separate the external source J into J 1 and J ct which satisfy the following equations:
We expand the field φ(x) around the classical backgroundφ,
where η(x) satisfies
In terms ofφ and η(x) Eq.(A.4) is rewritten as
and
where K is defined by 
(A.14)
Taking into account Eqs.(A.11) and (A.12) with Eq.(A.14) we obtain the effective potential:
In the mass-independent renormalization procedure the renormalization constants Z is independent of the mass m. We easily differentiate the effective potential V by the mass m 
